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On the Fréchet dista nce of a set of cur ves
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The Fréchet distanceof two curves measures the resem-
blanceof the curves and is known to have applications in
shapecomparisonandrecognition. We extend this notionto
asetof curvesandshow how it canbecomputedandapprox-
imated.� ��� ��	�������������� �
A curve is a continuous mapping ���! "�#%$%&(' )+* with"�#%$-,.) and "0/1$ . As a measurefor the resemblanceof
curves,Alt andGodauhaveconsidered theso-calledFréchet
distance243 .

Definition 1 Let �5�6 "�#%"879&:';)<* and =!�> $?#@$A7B&C';)>* be
two curves. TheFréchetdistance, denoted2D3FEG��#�=�H , is de-
finedas2 3 EG��#�=�H!��I JLK�MNPOQ RTS U�VBWXQ Y?S Y�Z V[ OQ RTS U�VBWXQ \]S \GZ�V ^`_�abdc Q RTS UdV�e �>Egf!Eih]HjH>kl=�EgmnEih]HjH e #
where fo#]m range over continuousand increasingfunctions
with foEqpDHrIs"t#!foE]u4HrIs"87q#nmnEgpHvIw" and mnE]u4HrIw$A7 . The
functions fo#]m arealsocalledparametrizationfunctions.

For polygonal curves x and y , consistingof z and {
edges,Alt and Godau [2] developed an algorithm which
computestheir Fréchetdistancein time |XEBz�{>}�~D�5EBz�{�H]H . We
will review this algorithm in Section3.

Another possibilityof measuringthe resemblanceof two
curves is the via the so-calledHausdorff distance 2� be-
tweenthesetof pointswhich make up the two curves. For
two boundedsets��#j�1�0)n� ,2A��Eg�:#j��HnI ^`_�a �P�]���Y c�� J�K�M\ c�� e "�k�$ e # �]���\ c�� J�K�MY c�� e "�k�$ e�� #
TheHausdorff distancebetweentwo polygonalcurves x andy , consistingof z and { edges,can be computed in time|XEBz���{�H8}L~���EBz���{�H [1]. TheHausdorff distanceconsiders
thecurves just aspointsets.

While in someapplications the Hausdorff distanceis a
suitablemeasureof similarity, thereareothersin which is
not: especiallywhenthecourseof thecurves is important—�
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suchaswhenthey areinput by a digitizer — andtheorder
of thepointsoneachcurveis relevant.TheFréchetdistance,
definedby Fréchet [4, 5], is moresuitablein thiscase.

A popular and highly intuitive illustration [2] of the
Fréchetdistanceis the following. Supposea manis walk-
ing his dog,he is walking on onecurve andthe dogon the
othercurve. Both areallowed to adjusttheir speedbut are
not allowedto go backwards. ThentheFréchetdistanceof
thetwo curves is theminimum length of a leashthat is nec-
essary.

Since 2 3 is symmetric and the triangle inequality holds
[5], 2 3 is ametriconthesetof all curvesif two curveswhich
differonly in theirparametrizationareregardedasequal[2].

The following definition is a natural extension of the
Fréchetdistanceto asetof ����� curves.

Definition 2 For a set of � curves ��I;��� U #A�T�A��#@���:  ,��¡��¢ "8¡�#%"87¡ &�'£)>* , wedefinetheir Fréchetdistanceas2 3 Eg�XH!�BI JLK�MN8¤�ODQ RTS UdV9W�Q YA¤@S Y�Z ¤ V
...ND¥¦OQ RAS U�V9W�Q Y�¥oS Y�Z¥ V ^`_�abdc Q RTS UdVU@§ ¡ S ¨�§ � e ��¡�Eqf¢¡%Eih]HjH<k�� ¨ Egf ¨ Eih]HjH e #

where f U #A�T�A�A#%f¢� range over continuous and increasing
functionswith f ¡ EgpHnI." ¡ and f ¡ E�u?HnI."87¡ , ©>Iªu�#A�T�A��#j� .

Thecorrespondingintuitiveillustrationis asfollows. Sup-
posethat � points are moving, one on eachof � given
curves. The speedof eachpoint may vary but no point is
allowedto move backwards. Assumethatall pairsof points
areconnectedbystringsof thesamelength. ThentheFréchet
distanceof thesetof curvesis theminimum lengthof acon-
nectingstringthatis necessary.

Theorem1 Considera finite setof �«�w� curvesin arbi-
trary dimensions.Let ¬8¡ ¨ �BI2 3 Eq��¡j#%� ¨ H and ¬®¯��I¯2 3 Eg�XH .
Then ¬�®±° ^ JLKU�§ ¡ § � ^`_�aU�§�¨�²´³4§ � Eq¬D¡ ¨ �µ¬¡ ³ H��
This inequality is bestpossible: already for �¶I·� , andfor
any choice of numbers ¬ U � #j¬ U�¸ #j¬ � ¸ satisfyingthe triangle
inequality, thereare � curvesfor which equalityholds.

Section2containstheproof of Theorem1,whileSection3
discussesthecomputationandapproximationof theFréchet
distanceof a setof curves.
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The first part is immediateand follows from the fact that
the complete graph ÀÁ� includes the star À U@S ��Â U . Select©+,Ã �Ä& which minimizes ^`_�a U�§�¨�²´³4§ �`Eq¬ ¡ ¨ ��¬ ¡ ³ H , andletf U #A�T�A�T#jfÅ� be corresponding parametrizationfunctions so
that for any Æ�, �Ä&´Ç:�T©%  , ¬ ¡ ¨ I ^`_�a bdc Q RTS UdV e � ¡ Eqf ¡ Eih]HjHFk� ¨ Eqf ¨ Egh]H]H e . By the triangleinequality, for any ÆD#%È(,¯ ��& ,^`_�a bdc Q RAS U�V e � ¨ Egf ¨ Eih]H]Hok0� ³ Egf ³ Eih]HjH e °·¬ ¡ ¨ �Ã¬ ¡ ³ . This im-
pliesthat ¬D®.° ^ JLKU�§ ¡ § � ^X_�aU�§�¨�²´³4§ � Eq¬D¡ ¨ ��¬D¡ ³ H�� (2)

Intuitively, © is chosenasthe“leading” curve, or the“man”
curve, while theothersarethe “dog” curves. Thenthedis-
tancebetweenany two dogsor betweenthemanandany dog
throughout thewalk is boundedby thesumof thelengthsof
thelongesttwo leashesthemanholds.

We will now construct anexamplein which thebound is
tight. Evenif ourboundshold in any dimensions, thecurves
in this example can be selectedof the simplestform, i.e.,
polygonalcurveson the real line. For illustrationhowever,
thedifferentsegmentsaredrawn stackedon eachother, see
Figure1.
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Figure1: A setof threepolygonalcurves usedin theproof
of Theorem1. Parameters "�#%$�#jÉ satisfy "¯°£$�°£É andÉv°�"r��$ .

The following observation is useful in obtaining lower
bounds:

Observation 1 Considera piece �Å7 of a curvewhich con-
sists of a horizontal segment of length Ê , traversed from
right to left. Supposethat this pieceis matchedto a piece
of another curvewhich movesmonotonically to theright (or
which is just a singlepoint). Thenthemaximumdistancein
this joint parametrizationis at least Ê�Ë�Ì .
Lemma 2 Let �sIÍ�?� U #@� � #@� ¸   bethesetof threepolygonal
curvesshownin Figure 1, where "Á°Î$:°ÏÉ and É�°Ï"��Ã$ .
Then¬ U � I±$ , ¬ U]¸ I(" , ¬ � ¸ I(É and ¬®ÃI."v�0$ .
Proof. Denotethefivesegmentswhichmakeup � U by � –Ð .
Similarly wedenoteby Ñ –Ò and Ó –Ô theseven(resp. five)
segments of � � and � ¸ .

Theideaof theexample is asfollows: To achievethemin-
imum distance¬ � ¸ I·É , thesmallwiggle Ñ¦Õ¦Ö on � � must
be matched to the largezigzag ÓÍ×Øx on � ¸ . On the other
hand, theminimum distance¬ U � I±$ canonly beachievedif
thesmallwiggle Ñ¦Õ¦Ö on � � matchesthestraightmovement� on � U . For achieving theminimumdistance¬ U�¸ IÙ" , �
mustbematchedto Ó , however. It follows thatnotall three
pairwiseminimumdistancescanbeachieved simultaneously
in a joint reparametrizationfor all threecurves.

A graphical representation of the situation is shown in
Figure2 asa three-dimensional box, representingthe joint
parameterspaceEgf U #jf � #%f ¸ H of threepointsmoving on the
threecurves. The threesidesof thebox arefree-spacedia-
grams[2] for pairsof curveswith athresholdvalueÚ¦I("t��$ .
White regions(thefreespace)correspond to pairsof points��¡jEgfÅ¡GH and � ¨ Eqf ¨ H with distanceat most Ú , andshadedareas
areforbiddenareaswherethe distanceis too big. A solu-
tion with Fréchetdistanceat most Ú is representedby a path
from theorigin (in thecenterof thepicture) to theopposite
corner of thebox which is monotonein eachdirection, and
for which the projection to eachcoordinatehyperplane lies
in thefreespace.Theprojectionsof two suchpathsis shown
in thefigure. (They have thesameprojection on the f U –f �
plane.) Oneseesthat certainpassagesareaboutto become
blockedif Ú is decreasedbelow "6�Û$ , for example, point1 in
the f � –f ¸ plane.Thesegment labeled2 in the f � –f ¸ plane
andin the f U –f ¸ planewill be unpassablebecauseit is no
longer monotonewhen Ú is smallerthan ":�Ã$ . Someother
segmentsof thiskindareshownasdottedlines.It is apparent
thatfor ÚC/Ã"v��$ theonly remaining monotonepathsin thef U –f ¸ planego around the obstacleslike the paththrough
point 1 shown in thesepictures.Onecanthencheckthatthis
is inconsistentwith a monotonepath through spacewhose
projectionon the f U –f � planeandon the f � –f ¸ planelies
in thefreespace.

In the following we give a detailedandelementary proof
that does not make recourse to the free-spacediagram.
We denote different points on the curves by their labels,l�4p�#Tu�#@Ì�#j�Ü#]Ýt#%Þ�#%ß�#�à  indexed by thesegmenttowhichthey
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Figure2: Thepairwisefree-space diagrams for thecurves � U , � � , and � ¸ , for parametervalues"ØIøu , $:IùuD� Þ , É�Iøu�� ú and
threshold value Ú¦I±"v�0$ .
belong, e.g., à �lû à � denotesthecommonendpoint of seg-
ments� and � oncurve � U , at location7.

It is sufficient to prove ¬ U � °w$ , ¬ U�¸ °w" , ¬ � ¸ IøÉ , and¬ ® �0"ü�Ø$ . Equalityfor ¬ U � , ¬ U]¸ , and ¬ ® follows thenfrom
the relation ¬ ® °ý¬ U � �Î¬ U]¸ (sincethen, "þ�Í$ÿ°ý¬ ® °¬ U � ��¬ U�¸ °�"r�0$ ).

We start by proving that ¬ U � ° $ , by exhibiting a
schedule� U � for a pair of moving points z , � U , { ,� � such that at any time the distancebetweenthem is at
most $ . In some parts of this schedulethe two points
move at the samespeedalong a common portion of the
two curves, in othersonly one point is moving while the
other stays put. � U � : z U #qz � �<pÜ#Au�#@Ì�#%� ; z � �>�Ü#]Ýt#j��#@Ì�#%� ;z U #gz � �Å�Ü#]Ýt#%Þ�#%ß�#�à8#jßÜ#%Þ�#]ÝÜ#%��#@Ì�#AuD#jp�#Tu�#@Ì8#j�Ü#]Ý�#%��#%Ì ; z U �>Ì�#AuD#Ì ; z U #qz � ��Ì�#j�Ü#]Ýt#%Þ�#%ß�#�à . Themaximumdistancebetweenthe
two pointsin thisscheduleis $ , asclaimed.

Theproofs of ¬ U]¸ °0" andof ¬ � ¸ °�É follow asimilarpat-
tern. Thefollowing schedule � U�¸ provesthat ¬ U�¸ °Î" . � U]¸ :

z U #gz ¸ �<p�#AuD#%Ì�#j��#jÝÜ#@Þ�#jß ; z U �>ßÜ#@à�#jß ; z U #gz ¸ �<ß�#%Þ�#]Ýt#j��#@Ì�#Tu ;z U �nu�#%p�#Tu ; z U #gz ¸ �nuD#%Ì�#%��#jÝ ; z ¸ �¢ÝÜ#@Þ�#]Ý ; z U #gz ¸ �PÝÜ#%��#@Ì�#Au ;z ¸ � u�#%p�#Au ; z U #gz ¸ � u�#@Ì�#j�Ü#]Ýt#%Þ�#%ß�#�à . It is clearthatthemaxi-
mumdistancebetweenthetwo pointsin this schedule is " .

The following schedule � � ¸ proves that ¬ � ¸ ° É .
� � ¸ : z � #qz ¸ �6pÜ#AuD#%Ì�#%��#jÝ ; z ¸ �<ÝÜ#@Þ�#%ß�#%Þ�#]Ý ; z � #gz ¸ �6ÝÜ#%��#%Ì ;z ¸ ��Ì�#Tu�#@Ì ; z � #gz ¸ ��Ì�#j�Ü#]ÝÜ#@Þ ; z � ��Þ�#jß�#�à8#%ß�#%Þ ; z � #qz ¸ �´Þ�#jÝÜ#j�Ü#Ì�#Tu�#%p�#AuD#%Ì�#j� ; z � �t��#]Ýt#j�Ü#%Ì�#%� ; z � #qz ¸ �Ü��#jÝÜ#%Þ�#jßÜ#@à . Themax-
imum distancebetweenthe two points in this schedule is^`_�a �4"�#%$�#jÉ? 5I(É .

We now show that ¬ � ¸ �øÉ . Considerany schedule forz � #gz ¸ , and let h U be the earliesttime when z ¸ is in u�� , h �
be the earliesttime when z ¸ is in Þ�� and h ¸ be the earliest
time when z ¸ is in p�� . We analyze thepositionof z � at h U .
If z � ,ÏÑ at h U , since z ¸ hasreachedß�� at some h�/1h U ,� z � z ¸ � �1É at h . If z � ,ÎÕ
	 Ö at h U , then z � mustreachà�� at someh�,( h U #]h � & , otherwise

� z � z ¸ � �ª":�.$X�ªÉ afterh � ; henceat h , � z � z ¸ � � � Þ � à�� � I É . If z � ,��	�� at
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h U , thenat h � , z � ,ª ���8Ý��&�	0 Ý��v����& ; it follows that at h ¸ ,� z � z ¸ � � � p � Ì�� � IÎ"¦��$¦�ÃÉ . If z � , À�	-Ò at h U , we also
have at h ¸ , � z � z ¸ � � � p��<Ì � � IÎ"r��$r�±É . We concludethat¬ � ¸ ��É , thus ¬ � ¸ I±É .

Finally we have to prove that ¬Ü®1�w"��±$ . Someof the
argumentsarethe sameas for proving ¬ � ¸ � É . Consider
any schedulefor z U #qz � #gz ¸ , andlet h U #jh � #jh ¸ beasabove. We
analyzethepositionof z � at h U .

Assumethat z � ,1Ñ at h U . Then z ¸ is in ß � at someh!/0h U . If z � ,� p�3<��3¢& at h , then
� z � z ¸ � �.$P� É5�Ã"+�ÿ$ at h .

If z � ,ÿ ��3ÅÝ3Å& at h , then
� z � z ¸ � �Ã"v�0$ at h U .

Assumethat z � ,¯Õ�	µÖ at h U . More precisely, z � , ���6Ì��<&�	Ø Ì������5& at h U . We now alsoanalyzethepositionofz U prior to h U . Notethat z � is in Ý�� at someh�/(h U . If z U is
on � at h U , we distinguish four cases.If z U ,( p � Ì � & at h U ,
we have

� z U z � � �Í"¦�Ã$ at h . If z U ,. Ì � � � & at h U , we have� z U z ¸ � �·$o��É��Í"��Ã$ at someh 7 /Îh U , whenz ¸ is in ß�� .
If z U ,. � � à � & at h U , we have

� z U z ¸ � �Í":�Ã$ at h U . If z U is
on ��	���	���	þÐ at h U , wehave

� z U z � � �Ã"��ÿÉv�Ã"5�µ$ at
someh]7 7´/�h U , whenz U is in à � .

Theremaining caseis z � , !	"�#	üÀ$	üÒ at h U . If z � ,% ath � , then
� z � z ¸ � �ÃÌÜEg" �X$�HjË�Ì by Observation1. If z � ,&�'	üÀ

at h � , we musthave z � ,( ���8Ý��8&(	� Ý��r���5& at h � ; it follows
thatat h ¸ , � z � z ¸ � � � p � Ì�� � I±"v�0$ .

We conclude that ¬ ® �Ã"v�0$ , thus ¬ ® I±"v�0$ . )
* �,+-+	���.�9¿�
��� ��/ ��½�¾10�	�2¾D�½8¾��43������@
 � ��¾
Considera setof � polygonalcurves � I£�?� U #A�T�A��#@���:  ,� ¡ �Å " ¡ #%"7¡ &v' )<* , where 5 ¡ is the number of segments of� ¡ , ©�I uD#A�A�T��#]� . As mentioned in the introduction [2]
presentsan algorithm for computing the Fréchetdistance
betweentwo polygonal curves with z and { segmentsin
time |XE9zt{>}L~��5E9zt{�HjH . Their algorithmmakesuseof onefor
solving the easierdecisionproblem, namely: given polyg-
onal curves x and y and some 6s� p , decide whether2 3 Eqxü#%y�H-°76 . This canbe answeredin time |XEBz�{�H . The
algorithm for actuallycomputing 2 3 Eqxü#%y�H for given polyg-
onalcurves x andy makesuseof thedecisionalgorithmand
thetechnique of parametricsearch of Megiddo [6], accom-
paniedby aspeedup techniquedueto Cole[3]. Theresulting
final algorithmhastime complexity |XE9zt{Å}�~D��E9zt{�H]H .

Returningnow to thedecisionproblem, 283FEqxü#%y�HC°�6 if
andonly if thereexists a curve from EgpÜ#jpDH to EBzP#%{�H in the
free-spacediagram in the planewhich is monotonein both
coordinates.

To compute the Fréchetdistanceof a setof curves, this
approachcanbe adapted.In answering the decisionprob-
lem, onewould have to checkwhether thereexists a curve
from Eqp�#T�A�A�A#jpDH to E85 U #A�T�A�A#95 � H in the free-spacediagram
in ) � which is monotonein all � coordinates. This takes|XE85 U �A�T�:5 � H time,andtheresultingfinalalgorithmhastime
complexity |XE;5 U �A�T�:5 � }�~D�5E85 U �T�A�95 � HjH . Note that this is
prohibitiveevenfor smallvaluesof � , e.g.for �ùIªuTp , and
evenfor thedecisionproblem.

Therefore we outline the following simple algorithm
which computes the Fréchet distanceof a set of curves
approximately, based on our bound in Theorem 1.
The algorithm computes all pairwise Fréchet distances
and outputs ^ JLK U�§ ¡ § � ^`_�a U@§Ü¨�²�³4§ � Eg¬¡ ¨ �ø¬¡ ³ H . Since¬D® � ^X_�a U@§ ¡ ²Ü¨�§ � ¬D¡ ¨ , the approximation ratio isÌ . The running time of the approximation algorithm is|XE=< U�§ ¡ ²�¨�§ � 5 ¡ 5 ¨ }L~��5E;5 ¡ 5 ¨ HjH , i.e., muchbetterthanthat
of theexactalgorithmpreviouslymentioned.

> ?!.��@¾ � �A��� � �¦
 � � �(+t¾ �%@ ��¾�������� � �
Our Definition 2 of the Fréchet distance of a set of
curves measuresthe maximum diameterof the point set�Å� ¡ Egf ¡ Egh]H]H � ©ÁI«uD#A�A�T��#]�  at all times h . One can ask
similarquestionsfor other“size” measuresof apointset,for
example theradiusof thesmallestenclosingball, or thesum
of all pairwisedistances.

We have shown that using pairwise Fréchet distances
yieldsa factor-2 approximationfor theFréchetdistanceof a
setof curves(whichfollows from thetriangleinequality). Is
it possibleto geta betterapproximationfactorby, for exam-
ple,considering all triple-wiseFréchetdistances¬´¡ ¨%³ ? What
is thebestbound for ¬ U � ¸9A in termsof ¬ U � ¸ , ¬ U � A , ¬ U]¸:A , and¬ � ¸9A ?
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