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Grid Peeling of the Square
[ Sariel Har-Peled and Bernard Lidicky 2013 |

The n x n grid has
O (n*/3) convex layers.
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Affine Curvature-Shortening Flow (ACSF) i uresiae o

| L. Alvarez, F. Guichard, P.-L. Lions, J.-M. Morel:
“Axioms and fundamental equations of image processing” 1993 ]

| G. Sapiro and A. Tannenbaum:
“Affine invariant scale-space.” Int. J. Computer Vision 1993 ]

velocity = k'3 (k = curvature)

equivariant under area-preserving
affine transformations!
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Conjecture:
David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.

Experimental Mathematics 29 (2020), 306-316
As the grid is more and more refined, grid peeling approaches

the ACSF.
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Conjecture:
David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.

Experimental Mathematics 29 (2020), 306-316
As the grid is more and more refined, grid peeling approaches

the ACSF.

ACSF at time t &~ Grid peeling on Z-grid after C, t n/3 steps.

ConjeCtU €. (Moritz Riiber and Giinter Rote)

~ 1.60120980542577
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Conjecture:
David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.

Experimental Mathematics 29 (2020), 306-316
As the grid is more and more refined, grid peeling approaches

the ACSF.

— Jeff Calder and Charles K Smart. The limit shape of convex hull peeling. Duke Math. J. (2020)
random points
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Jeff Calder and Charles K. Smart. The limit shape of convex hull peeling. 2020
10000 random points in the shaded region

—

—
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Conjecture:
David Eppstein, Sariel Har-Peled, and Gabriel Nivasch. Grid peeling and the affine curve shortening flow.
Experimental Mathematics 29 (2020), 306-316

As the grid is more and more refined, grid peeling approaches
the ACSF.

ACSF at time t &~ Grid peeling on Z-grid after C, t n/3 steps.

Jeff Calder and Charles K Smart. The limit shape of convex hull peeling. Duke Math. J. 169 (2020)

Theorem:

ACSF at time t ~ Peeling on density-n? set after C,.tn*/3

steps.
Cy = 1.6, C ~1.3

e Invariant under affine transformations?

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curvature-shortening flow SFB-Kolloquium DGD, Berlin, July 12, 2022



Homotopic peeling

Freie Universita

[ Sergey Avvakumov and Gabriel Nivasch 2019 |
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Lemma:
Horizontal period H = lem(ap,bp) or H = lem(ap,bp)/2
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o fixed integer parameter t > 1
e take all slopes a/b with 0 < b <t

e for each slope a/b, take the longest integer vector

(s

with 0 < & <t

Example

) =f(’)

(f €Z)

.. slope 2/5

- .
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Conjecture: The polygon repeats after t steps, one level higher.
(After t + 1 steps if t is even.)
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Hi, Hs,...=1,4,11,22,43,64,107, 150,211,274, 385, . . .
[ OEIS A174405 ]

Hy:= ) EJ:L’: > > de(d)

1<i<t dli

2(3)

3 2
517 + O(t" log t)

with ((3) =1+ 55 + =5 + 25 + - - - = 1.2020569
[ Sdndor and Kramer 1999 |
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Durchschnittliche vertikale Verschiebung

ime period for various parabolas

y = azr? + bx

speed depending on a (various values of b)

1.00 1
0.95 1
0.90 {
0.85 {
0.80 1
0.75 1
0.70 1
0.65 {
0.60 {
0.55 1
0.50 1
0.45 1
0.40 -
0.35 {
0.30 1
0.25 1
0.20 1
0.15 1

Glnter Rote, Freie Universitat Berlin

A

S ———— —— e —— ———————————————— %
——— ) ——————————————————J3

U U U U U U U U T U U U T U
000 005 010 015 0.20 025 030 035 040 045 050 055 060 065
d

Grid peeling and the affine curvature-shortening flow

U
0.70

U
0.75

T
0.80

U
0.85

U U U
090 095 1.00

SFB-Kolloquium DGD, Berlin, July 12, 2022



Durchschnittliche vertikale Verschiebung

ime period for various parabolas

y = azr? + bx

speed depending on a (various values of b)

A

1.00 1
0.95 1
0.90 {
0.85 {
0.80 1
0.75 1
0.70 1
0.65 {
0.60 {
0.55 1

S ———— —— e —— ———————————————— %
——— ) ——————————————————J3

0.50 { e,

0.45 1
0.40 {
0.35 1
0.30 { I
0.25 1 =
0.20 { '—-.-'_:r
0.15 { rlo

L
0105 0.10

<11
8

Glnter Rote, Freie Universitat Berlin

0.15

U
0.20

U
0.25

U
0.30

U T U U T U U
035 040 045 0p0 055 060 065 070

1
2H,

Grid peeling and the affine curvature-shortening flow

U
0.75

T
0.80

U
0.85

U U U
090 095 1.00

SFB-Kolloquium DGD, Berlin, July 12, 2022



it

1versita

Freie Un

d for various parabolas

Ime perio

a=1/8

y = azr? + bx

speed

a=1/2

*

0.500
0.475
0.450
0.425
0.400
0.375
0.350

*

o o « ™~ et
L

=] (=] =] =]
Bungaiyssian 3[eyILIRA 3UdHNIUYISYIINg

n
(=}

1.0

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

0.0

a=1/44

a=1/22

pamEEEY

DRI
L T R,
o
s & v e
P L L LI
- ® .- .
. L]
LN ) - o+ooN
- * . ¥ ¥ ®
. as s 8 ow @
L T
* Ba o8 e g s
R . PEACE
. e . w s e ® sow
oo W .
L | +4o.~un
. P
. sas v w2 F B
woe e o N w0 R
L A 2] -
L Y
s ey
s oz
. sss s s 8 w8 @
rrw s
L

L ..
. an P AR
P T B
LI R T, .
BE ey
. owwe . DI T
. . srw ® 0¥
L . . s
LR R
P s as s Tat
s s s mas 0w
L -
LR I )
s
- IR R
L I . T
P T
s s ow w0 *
we w0 .
LI . e .
. dew & aw
s s % % was
o owe *
2% Te wa o, .

fa— .
PR .
w8 % 8 ® ¥
o .
HEra s v s s
s w
s s s ®
. s .
Bratte ow Y, L. . .
A e e a o,
ot
ee® s 3 % & * » F e =
®
FRa s s w ow oy ow
LR . e
. . w3
. 2 s e
s & LI
R . L]
L o oA
]
e . P |
* e o4 . s
L T .
TR
P B L - Beo®®
.
& e e s 8. ey
. s oay
P ® P ® e F
LI | fee Ty L.
s . . s .
A
P T T R I L

0.25 4
0.24
0.23 4
0.22 1
0.214

o s @88 EEEseEREAIE
R

apst
(15
e e oaag g, o,
T
.
R
w wE ®
5 weEmoweetE
LI LR
aw wEs *
swmal T
e ey L.
ram
T
R e
W e an man e
.
B A T,
A e e .
bbbl T
LI P LT
T TR L]
- R
FLE L
« w B oRET - wE B e *
LR LTy
.
S baa, .,
near e g,
. . .0++0.+‘
[
wan s e E ARt

.

LT
e oag
* L T
. ey
LT
.

.
O]
e
FETTEX R
et *
®
-
g ey g LT R
T OE s . owgg
T ey
wak s

.
wan ¥ e BE
.
gw B wewE AR
o b G .
e s gy
.
e LT T
LT
s FOW
PR [RLL
marenE

.t
aE t Y Taw g
e,
LA 1)

e e .
Fee 5w o4 oay
ar s w il
T

.
P
- sae w ¥ FE
LI TR
*E o e
T g . .
e
AT
i
o B EE - et -
w owe
s, 0 M
e oeas

e
TEEeern . L,
"
4 wm o B
s was ¥ BE®
wee ® MRS
s ¥
00\0004.0
e

e
s L LT e

T T T T

™~ [=] [=s] o

[ay] m i~ i~

=) (o] a a
Bungaiyssiap a[eyIUaA 3YdHNIUYISyINg

1.0

0.8

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.4

0.2

0.0



ime period for various parabolas

Freie Universitat Berlin

A time period

2 4 2y By By g8 . By g e
104 1 “\\hﬁh o aFa et Py \\;,:,:::,: it 4 r/:: \\\\\+++,:,: Fry
K - ++++++ \ v e et e et * Y w et
®
] e % ++++ K e ++++ ++ r B ow e, *ap el
0 ® s % Ys @
5 L] L] t ++++ L] F, :
s % H # Tm s s s B A EE & E#
_ O] ] R E I
L] * L L] L L
] P ® 8 % & 8 B 8 B o8 B & &
. ® ® % % % 8 % B 8 ¥ B &
* * L . * LI
R . & 0 % & s % & #
] ®
% +++++++ +++++++++ RN
u ® ® ®
] s w s % P s ® s #
® ® ® ® ®
* ® o 8 % % & #
* L] L] L] L] L] L]
® ® ® ® ® ® ® ® ® ® ® ® ® ® ® ®
101 E . . . . . . . .
* * * L] L] L] L] L] L] L] L]
-1 L L] L] L]
_ * * i
E L] L] L] L] T
g ® ®
g ® ®
g ® * ® ® *
T * * - L] L] - L]
lﬂ T T T T T T > 1(] T T T T T T
T % L -l‘ 1- Fy Ty H “I * o F T bt -
] ',‘\‘ .\. ::;5,5 «f ‘ \. +:,5¢== adide Sl S 1 N
] % M, e i . ® Fa e e T & L)
W e wL w e E . wE 4 %
1 L] L] ++ +++ +++ L] L] L]
1 OB Tt ety Wt P et Bet
PR AN L T 4 aF ta
* L] - ¥ s ¥ - =¥ L] L]
R * ® ® ® ® - *
LI e N
® % w_ge® s ®
LY ® ® #*" L]
L s " . 2 4 » » » » » » »
] L . E ® ® ® ® 0 ® ® ® ®
- + - L] L] L] L] L] L] L]
1 * s * * s ® - ® * ® ® * ® * ® ® * ®
1 * - L] L] L]
- L] L] L] L]
] ® ® ® ® ® ® 1 * * * * * *
® ® ® ® i
i ® * * * * ® ® ® - ®
* * * * * * * * - * * * * = * * * * * * * * - L] L] L] LR} L] L] - L] L] L] L] L L] L] L] L] L] - LR L] L] L]
g ® ® ® ®
® ®
& = ® P CR ® P ® s 8w P ® CE ]
® ®
] g ® CE P ® s % s & # ® P CE ® P P
i . . . . . . . . . . . . g ® ® P CR ® P ® s 8w P ® CE P
g ® ® ® ® ® ® ® ® ® ® ® R

10% . .
0.0

Glnter Rote, Freie Universitat Berlin

10° .

1.0 0.0

Grid peeling and the affine curvature-shortening flow

0.2 0.4 0.6 0.8 1.0

SFB-Kolloquium DGD, Berlin, July 12, 2022



ime period for various parabolas

Freie Universitat Berlin

A time period

2 4 B By Bk g . By By e
10+ 1 BNttt et atatatet A T et e tad et ety o I, ¥ t t \\\\+ ey n Pale
® ¥ e \“ T e Fa ¥ Pty I Py Py g
+++++ ++ L] + ++
. . A
. L] L] t ++++ L] F, :
.= H s "sies "ates Sass
] R ] R R A A ]
L] * L L] L L
| . 0w R
-, . P T
* * L . * LI
E . P
s = -
% +++++++ +++++++++ R R
" - . -
| P . 0w = = . » s e
. - . . .
= . s = s s = 3 =
* L] L] L] L] L] L]
. . . . - . . . . . . . . . . .
101_ . . . . . . . .
® * * L] L] L] L] L] L] L] L]
-1 L] L] L] L]
] . . ]
E L] L] L] L] T
4 . .
4 . .
4 . - . . -
T * * - L] L] - L]
lﬂ T T T T T T > 1(] T T T T T T
T % L -l‘ i Fy Ty H “I * o F T bt -
] ',‘\‘ .\. ::;5,5 «f ‘\. +:,5¢== adide Sl S 1 N
] a M, e .1 # ot sl et T # 1)
W e wL w e E . wE ] o
1 L] L] ++ +++ +++ L] L] L]
] s b Th e de,t s Lt PR
PR L L I R ] T
L] L] ++ ++ - ++ L] L]
E . . . . . . .
I L e
. #% a_ge* -
LY ® ® #*" L]
L s " . 2 4 » » » » » » »
n - ] ot ] . . . . B . . . -
B * -1 L] L] L] L] L] L] L]
3 . . * . . ] . - . . - . - . . - .
1 * - L] L] L]
-1 L] L] L] L]
] ® ® ® ® ® ® 1 * * * * * *
- . . - ]
i ® * * * * ® ® ® - ®
® ® ® ® ® ® * ® - ® ® ® ® = ® * ® ® ® ® ® ® - L] L] L] LR L] L] L] L] L] L] L L] L] L] L] L] LR L] L] L]
4 . . . .
% % s % ® ® ® ® ® % » ® ¥ ® ® ¥ ® 3 # = = ]
. .
tl.
] 4 % ® s ® ® % ® ® ® ® ® w3 ® » % ® ® % = % = =
] . . . . . . . . . . . . 4 = % % s % = s ® ® ® % » ® % » = % = s % = =
4 . . . . . - . . . . . E

10% . .
0.0

Glnter Rote, Freie Universitat Berlin

10° .

1.0 0.0

Grid peeling and the affine curvature-shortening flow

0.2 0.4 0.6 0.8 1.0

SFB-Kolloquium DGD, Berlin, July 12, 2022



AOSTITIA N
(o2 B\

Ra n d O m_Set p eel | N g Freie Universitat Berlin

Jeff Calder and Charles K. Smart. The limit shape of convex hull peeling. 2020

semiconvex peeling, on a cylinder

Giinter Rote, Freie Universitat Berlin Grid peeling and the affine curvature-shortening flow SFB-Kolloquium DGD, Berlin, July 12, 2022



	Grid Peeling of the Square
	Affine Curvature-Shortening Flow (ACSF)
	Peeling and the ACSF
	Homotopic peeling
	The parabola
	``The grid parabola''
	The grid parabola for t=5
	graphical representation
	t=4,5,6,...

	Asymptotic period
	Time period for various parabolas
	Random-set peeling

